In this paper I prove the existence of a positive stationary solution for a generic quasilinear model of structured population. The existence is proved using Schauder's fixed point theorem. The theorem is applied to a hierarchically size-structured population model.
Introduction
The size-structured population model IBVP (Initial Boundary Value Problem, see [3] ), in the autonomous case, has the following general form:
   u t + (g(x, u(t, ·)) u) x + µ(x, u(t, ·)) u = 0 g(0, u(t, ·)) u(t, 0) = J β(x, u(t, ·)) u(t, x) dx,
where x ∈ J = [0, ∞) represents age or size, t ≥ 0 is time, u is the population density, u(t, ·) ∈ L 1 (J) for each t ≥ 0. The model equations involve the following vital rates: µ = µ(x, u) -mortality, β = β(x, u) -fertility and g = g(x, u) -growth rate. These coefficients depend on the size x and on the total population behaviour through u in a general (also nonlinear) way.
The total population at the instant t is given by P (t) = J u(t, x) dx, the flow of the newborns is B(t) = In general, however, the well-posedness of this class of PDE models is still an open question ( [4] , Introduction).
The first nonlinear population model was introduced and analysed in the seminal paper [8] of Gurtin and MacCamy in 1974 , with nonlinearities depending only on P (t). It was followed in the eighties by several other papers with generic nonlinearities in u for the case g = 1 e.g. by J. Prüss that gave some sufficient conditions for the existence of a positive equilibrium [9, 10, 11] .
In 2003 Diekmann et al. [5] managed the case of nonconstant g and n scalar biomasses S 1 , S 2 , . . . S n depending on u, using a very different mathematical formulation; they proved the existence of nonzero equilibria and gave bifurcation conditions.
In 2006 Farkas e Hagen [7] studied the stability of stationary solutions of the IBVP, in the case of nonlinear dependence on the total population P , via linerization and semigroup and spectral methods. They give stability criteria in terms of a modified net reproduction rate.
In this paper I establish Thm. 5, that gives sufficient conditions for the existence of a positive equilibrium for Pbm. (1), under generic dependence on u. I use a compactness hypothesis. I set also preliminarily some positivity and boundedness hypotheses on the coefficients µ and g.
The problem is transformed in a fixed point problem and the existence of a solution is obtained through Schauder's fixed point theorem.
However there is no uniqueness in general. I give a made-up counterexample. I give also a condition for the non-existence of positive equilibria using suitable assumptions of monotonicity on the coefficients µ, g and β.
At the end of Sec. 3, I show as application the existence of a positive stationary solution for a nonlinear model of structured population of Ackleh and Ito [2] .
In the Appendix, I resume some propositions on compactness.
Preliminaries

Notations
If e 1 , e 2 ∈ L 1 (J) and e 1 < e 2 , then write
Functions f (u(·)) defined for u ∈ L 1 + (J) will be usually briefly denoted as f (u).
Hypotheses and definitions
+ (J) and there exist constants g, g, µ, µ:
e. x ∈ J, for each u ≥ 0 and there exists a constant
Auxiliary functions. For x ∈ J, u ∈ L 1 + (J), we set:
Under the boundedness assumptions of Hyp. (A), we define the auxiliary functions e 1 , e 2 :
Lemma 1 (Properties of Π) Using the assumptions on the lower and upper bounds of µ and g, given in Hyp. (A), we obtain for each x, u:
It is simple to prove that the sets U and U = U ∪ {0} are convex.
Hypothesis (C) (Uniformly bounded variation).
We mean that g is extended as 0 for x < 0.
Remark 1 Condition (C) means that sup has to be considered on functions of the form u = λ v, with v ∈ [e 1 , e 2 ]. Since U = L 1 + (J) (e.g. x −1/2 e −x ∈ U ) this is an effective reduction of the requests.
Under Hyp. (A), Condition (C) is satisfied also for u = 0 (therefore it holds for u ∈ U ) because g(x, u) is continuous in u.
Hypothesis (D)
Under Hyp. (A), R(u) is well-defined and if also (L β ) holds, then
Compactness
The lemma of compactness is proved in Appendix, Sec. B.
Existence of equilibria
In this section we prove the existence of a positive stationary solution u * for Pbm. (1) as fixed point of a suitable transformation of L 1 + (J).
Stationary solutions
The equilibria are the time-independent solutions u = u * (x) of Problem (1). These are determined from
and (see [10] , Eq. (8)) they corresponds to the solutions of the functional equation
the only premises being g > 0,
. This equation is translated immediately in a fixed point problem. 
and vice versa, where G:
The functional equation u = T u can be written in a more compact form as
that we discuss. The solution satisfies the functional equation
where λ * > 0 is a suitable number and the corresponding population is constant and given by P * = λ * Π(·, u * ) 1 .
From ( (ii) Fixed point. In this step we apply Schauder's fixed point theoremsee [6] , [12] . We write Pbm. (12) in the form 
Since A is compact, by Schauder's fixed point theorem, Eq. (13) has at least a fixed point (v * , λ * ) ∈ [e 1 e 2 ] × [0, M ] and it is different from 0 for the initial remark; (v * , λ * ) is a fixed point also for Eq. (12).
Finally, Eq. (10) is satisfied by u * = λ * v * and the corresponding stationary population is
Remark 2 R(0) > 1 implies β e 2 1 > 1, therefore in the proof it is possible to assume M = ρ0 e1 1
+ β e 2 1 − 1 and to have the estimate P * ≤ M e 2 1 .
A counterexample
Thm. 5 is a sufficient condition but not a necessary one. We can have also R(0) < 1 if there exists u 0 ∈ L 1 + (J) such that R(u 0 ) > 1. In this case it is possible to need other conditions on u 0 to prove a statement of existence. The idea is to construct explicitly an example with a positive equilibrium but R(0) < 1.
, independent of u.
F (u) = 0, F continuous but obviously nonmonotonic. Now set β(x, u) = 2 g (1 − e −x ) F (u) so that R(u) = F (u). Then R(e 0 ) = 1 and u = e 0 is a solution of the fixed point equation and a positive equilibrium. As example of function F we can take F (u) := f ( u 1 ). where 
In this case we have two positive equilibra, u(x) = e −x and u(x) = 1 6 e −x , corresponding to the two solutions of f (a) = 1, i. e. a = 1, a = 1/6.
A nonexistence result and a sufficient and necessary condition
Under suitable monotonicity hypotheses, R(0) > 1 becomes a necessary and sufficient condition. A function f , defined on ordered spaces, is increasing if u 1 < u 2 implies f (u 1 ) < f (u 2 ). The other monotonicity definitions are extended in the same ways.
Now assume u ∈ L 1 + (J) in the following statements. Assumption (M) (Monotonicity )
• u → µ(x, u)/g(x, u) is nondecreasing (or increasing) for each x ≥ 0 (mortality-growth ratio),
• u → β(x, u)/µ(x, u) is decreasing (or nonincreasing) for each x ≥ 0 (fertility-mortality ratio),
• x → β(x, u)/µ(x, u) is nondecreasing (or increasing) for each u.
The hypotheses between parentheses are in alternative: u → β/µ must be strictly decreasing and the other two functions are only nondecreasing, or, vice versa, u → β/µ nonincreasing and the others have to be two strictly increasing.
To prove the nonexistence condition we need the following statement: 
Applications
Ackleh e Ito [2] consider a hierarchically size-structured population model that can be reported to Eq. (1). They proved existence of measure-valued solutions for the Cauchy problem. We give a condition of existence of a stationary positive solution for a simple case of this model, by taking g(x, u(·)) = g + (g − g) e 
